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Specific points connected with the application of Routh’s theory to the study of steady motions in
systems with differential constraints are discussed, on the assumption that first integrals exist. The need
to eliminate all dependent variables initially from the expressions for the first integrals is pointed out.
The general conclusions are illustrated by investigating, as an example, the steady motions of a
dynamically symmetric sphere on an a absolutely rough horizontal plane.

According to Routh’s theory [1-9], if one of the first integrals of a system has critical
(extremal) values, while the values of the other integrals remain fixed, this corresponds to
(stable) real motions of the system, known as steady motions. It is assumed throughout that
the equations of motion of the system may be written in the form

x=f(x) (xeR", f(x)eC:R">R") )
while the first integrals have the form
U(x)=c=const(ce R™, U(x)eC%:R" —-)R”’) (2)

Since the motion of a system with differential constraints is not infrequently described by
equations containing the reactions to the constraints or undetermined Lagrange multipliers,
the application of Routh’s theory to such systems requires special care. The point is that the
above-mentioned equations of systems with differential constraints cannot be written in the
form (1), since there are no corresponding differential equations for the reactions of the
constraints or the undetermined Lagrange multipliers. To apply Routh’s theory, therefore, one
must first eliminate the dependent velocities from the expressions for all first integrals of the
equations of motion of the system. The functions thus obtained will be first integrals of the
Chaplygin, Voronets, Boltzmann-Hamel, etc. versions of the equations of motion, which do
not contain the reactions to the constraints or undetermined Lagrange multipliers; such
equations may be written in the form (1) and their first integrals take the form (2).

To illustrate these conclusions, let us consider as an example the steady motions of a
dynamically symmetric sphere on an absolutely rough horizontal plane.

Let m be the mass of the sphere, I, and I, its equatorial and axial central moments of
inertia, r its radius, a the distance from the sphere’s centre of mass to its geometric centre, and
g the acceleration due to gravity. Denote the velocity of the sphere’s centre of mass and its
angular velocity about its centre of mass by v and w respectively, and the unit vector along the
upward vertical by y.
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The equations of motion of the sphere, relative to its principal central axes of inertia, may bc¢
written as follows:

mv+wxmv=-mgy +R {3
6w+ wXx0w =p xR (4}
Y+oxy=0 (3
vioxp=0 (6)

Equations (3) and (4) represent the behaviour of the momentum and angular momentum of
the sphere, respectively; Eqs (5) and (6) state, respectively, that the vector +y is constant in 4
fixed system of coordinates and that the sphere moves without sliding. Here R is the reaction
of the supporting plane, 6=diag(l, I, I,) is the central inertia tensor of the sphere. and
p=(-ry,, -ry,, -ry;+a) is the radius-vector of the sphere’s point of contact with the
horizontal piane, relative to its centre of mass.

Equations (3)-(6) are closed with respect to the variables v, w, ¥ and R, but they are not in
the form (1), since the system does not include a differential equation for the reaction of the
plane, and Eq. (6) is not a differential equations in terms of these variables.

System (3)-(6) admits of four first integrals: the energy integral, the Jellett integral, the
Chaplygin integral and a geometric integral

2Uy = mv? + I,(mf +m§)+ Lw? -2mgay, =, (7

U‘ =11((01‘Yl+(02'Yz)+l30)3('y3—a/r)=cl (8)

2 2, .2 2\ 1% 0

UZ =[I|13 +mr (I](YI +'Yz)+13(Y3—‘a/r) ):] Wy =0y ()
Uy=yi +73+73 =1 (10)

It is clear that the expression for the total energy U, of the sphere involves the variable v
which may be eliminated by using Eq. (6). When that is done U, becomes

2Up = m(o % p)’ + I (0] + @3 )+ 103 - 2mgay; = (11)

which depends, like the functions U,, U, and U, on the variables w and vy only. Note that (11)
and (8)—(10) are first integrals of the equations of motion of the sphere in the form

00 +m(pX @)X p+wX0w+mlmxX(pX0))xp=mgpxy+mpx(pXw) (12)

y+oxy=0

(Eq. (12) is obtained from (4) by eliminating the reaction R using Eqgs (3) and (6) and the
equation v+@oxp+wxp=0, which is obtained from (6) by differentiating with respect Lo
time).

Sy)stem (12), (5) is closed with respect to the variables w and v, is of the form (1), and the
first integrals (11) and (8)-(10) are of the form (2). Consequently, Routh’s theory can be used
to investigate its steady-state solutions. When that is done the variables v can be found
uniquely from (6), after the solutions w and y have been determined by Routh’s method.
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Remark. When investigating the steady motion of systems with differential constraints it is
not always necessary to reduce the equations of motion to a form in which they involve neither
reactions to the constraints nor undetermined multipliers. System (3)—(6) was reduced to the
form (12), (5) by logical arguments. The integral (7) had to be reduced to the form of (11) in
order to use Routh’s theory; otherwise, formal use of the latter would have produced
inaccurate results [10].

We will seek the critical points of the function U; when the constants of the constant
integrals (8)-(10) remain fixed. To do this we introduce the function

W=Us -MU, - ;) -p(Uy =)+ B v(Us ~1)

where A, u, and v are undetermined Lagrange multipliers. The conditions for this function to
be stationary are

oW / 0w, = ~mv,(ry; — a)+ mvyry, + o, - LAy, =0

oW /8w, = mv|(rYs ~ a)— mvyry; + 10, = 1Ay, =0

OW /303 = —mvyrY, + mvyry, + Lo — LMY3 ~a/r)-pl =0

OW / 3y, = mvyred; — mvyrw, — My, — (1 / D) mrloyy, +vy, =0

OW /3y, = —mv,rod; + mvyre, - M@, — (1 / 1) mrioyy, +vy, =0

OW / 35 = ~mga+ mv;r®, — mvyrey; = Myws — (/! I)ymr*ws (Y —al r)+vy; =0

v =(r13 —a)oy — 11,05, v, =103 - (73 - a)e,
2 2 2\ V4
If the constants of the Jellett and Chaplygin integrals satisfy the relations
[1113 +mrih(xl-a/l r)2]%c, =L(l-alr)c,

then the system of equations 8W =0 will have the following respective one-parameter
solutions

0.). = 0)2 = 'Y] = 'YZ = 0, (!)3 =0 = const, 'Ys =31 (13)

(Q is arbitrary), which represent zero-dimensional invariant sets (rest points) of system (12),
(5) and correspond to permanent rotations of the sphere about a vertically located axis of
dynamic symmetry at an arbitrary constant angular velocity, with the centre of mass in its
lowest possible (y; =+1) or highest possible (y,=-1) position. In that situation it follows from
(6) and (13) that v=0, i.e. the solutions (13) are such that the sphere’s centre of mass is fixed.
The undetermined Lagrange multipliers for these solutions are

A€R, u= 13%(1, +m(¢r-a)2)’%(a-A(il-a/r))
-1

V= i(mga + LQ[ LA+ mr(tr - a)Q])(Il +m(tr- a)z)

For arbitrary values of the Jellett and Chaplygin integrals, the system of equations W =0
will also have two-parameter families of solutions

O =0Y;, 0 =0Y,;, ©;=0Y;+£, Y12+'Y§=1"Yz’ Y3=Y (14)

for which the three constants ®, Q and v satisfy one equation
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[13Q+(13 -1 )wy](o+ er(Q+(a/ ro)o(l-(a/r)y)+mga=0

Formulae (14) define one-dimensional invariant sets of system (12). (5). in which the sphere
has regular precessions. In that case it follows from (6) and (14) that v#0. The undetermined
Lagrange multipliers for the solutions (14) arc

A=w-(y-al/r)(Q+alro)mr’l’

% =[I]13 +mr2(1l(1 _Y2)+ 13(y~a/r)2)]% I (Q+(al r)o)

v=1o" -~ mr’ (Q+(a/ rjo)(oy + Q)+ oy -a/r)]

Note that in [10] critical points of U, werc sought for fixed values of the constants of the integrals (8)~
(10). In all the steady motions of the sphere that have been determined in [10], the centre of mass must be
fixed, whereas in the general case while the regular precession occurs, the centre of mass describes a circle
parallel to the horizontal plane: the centre of mass is fixed only if Q+(a/r)m=0.[11].

According to Routh’s theory [1-9], the steady motions (13) and (14) are stable if the function
Uy has a minimum value in these motions. when the constants of the integrals U,. U, and U,
take fixed values. This will certainly be the case if the second variation of W is positive definite
on the linear manifold defined by the relations U, =8U, =38U, =0.

For the solutions (13). these relations reduce to the form 8w, =8y, =0. Then the second
variation

28°W = A(30, )2 - 2B(8w, )(&y,) + C(dv, )2 + A(8w, )2 ~2B(80, )(8v,) + C(8, )2

is positive definite provided that AC - B* >0, where

A=l +m(tr-a) >0, B=IA+mr(xr-a)o
~1 . .
C= {llmr[l(ir— a)- ra)]i 13[11X+ mr(ir—a)m]}[ll + m(ir~a)2] o+ mriw’ £ mga

Taking into account that A was chosen arbitrarily, we conclude that a sufficient condition for
the solution (13) to be stable is that at least one A exists such that AC - B* > 0. Consequently,
vertical rotations of the sphere are stable if

[mr(ir—a)ilg,]z(x)2 i4mga[1l +m(ir—a)2]>0 (15)

Note that the sufficient condition (15) for permanent rotations of the sphere on a rough
plane to be stable is identical, apart from the equality sign, with the necessary condition
established in [11], whereas the sufficient condition derived in [10] from the condition that U,
reaches a minimum for fixed values of the constants U,, U, and U, was fairly rough and more
restrictive than (15).

For the solutions (14), the second variation of W is

2

28°W = Al(&ﬂl —‘DSYl)z ‘*’Az(&ﬂz "“)572)2 +Bl(8"33)2 +2312(5‘”3)(8Y3)+Bz(573)
and the linear manifold defined by 8U, = 8U, = 38U, =0 may be written as follows:
o, (80, - @By, ) + o1, (S, — @87, ) +013(8w5 ) + o, (8y4) = 0
33(5(’33)*‘34(&3):0
A =1, +m(a — ry)z +mrzy% >0, A =1 +m(a— ry)2 + mrzyf‘ >0

B =L+m(1-2)>0, By=-[L+m(1-v})jo+mriy(Q+(al o)
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By =[1+ mr(1-7?)|o? - mr* (Q+(a/ o) x
x{w(y—-a/r)+[l32+mr2{13(1—-(2alr)'y+yz)—1172]]}x
x[IIIB+mr2[1,(1—72)+I3(y-a!r)ﬂ-i(wy+ﬂ)}

a, =0y, o,=hy,, oy=L(y-alr), o,=L{wy+Q)-2Ley

By =1l + mr?‘{}',(l —72)+ Li(y-al r)gl, By = mr2{13('y-a/r)— Iﬂ](wy+§2)
The function 8°W is positive definite on this linear manifold with respect to the variables

dw, ~ wdy,, dw,~-wdy,, dw,, &y, if the fifth- and sixth-order principal diagonal minors of the
determinant

0 0 o o, o oy
0 0 0 0 PB; B,
o, 0 A 0 O O
A=, 0 0 A4, 0 0
o; B3 0 0 B By
e, B 0 0 B, B

are positive. Noting that A; = I7(AY; + A,yD)B; >0, we conclude that regular precessions of the
sphere on the rough plane are stable with respect to the variables o, —wy,, ©,-wy,, ®, and
¥5, provided that

Ag=A= Ay (0B, —o,By)” + (Aﬂ% + A2a;2)(BIB% ~2B;,8,B4 + Bzﬁg) >0 (16)

The explicit form of this condition is extremely lengthy and will therefore be omitted.

Condition (16) is identical, apart from the equality sign, with the corresponding necessary
condition of [11].

In conclusion we note that a dynamically symmetric sphere is a special case of a body of
revolution, whose steady motions on a rough plane have been investigated in detail in various
ways [11]. The results presented above are in complete agreement with those known from
previous studies, which cannot be said of the results obtained in [10].

The research reported here was carried out with the financial support of the Russian Fund
for Fundamental Research (93-013-16242).
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